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Notes on Variables 

Notes on Discrete and Continuous Random Variables 

 

Continuous Random Variables: variables whose values are measured. ie may assume any real value. 

Probabilities are calculated from a continuous function known as a probability density function (PDF). 

Examples are Normal, Uniform, Exponential and Polynomial 

The probability is determined by the area under the curve. Because of this we know the following: 

1 𝑓(𝑥) ≥ 0 for all x. There cannot be any negative probabilities 

2 ∫ 𝑓(𝑥)𝑑𝑥 = 1
∞

−∞
 Sum of all probabilities equals one 

3 Pr(𝑎 < 𝑥 < 𝑏) = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
  The probability that X (a continuous variable) lies between a and 

b is determined by the area under the curve between the x-axis and x=a and x=b 

 

Normal Distribution Properties of the Normal Distribution 

 

 

The Normal Curve fairly and realistically models many 

observed frequency distributions such as height and weight, 

IQ, length of battery life and the distribution of errors in 

measurements   

The Normal Curve is characterised by a bell-shaped curve 

which is symmetrical about the mean  

The equation of the curve is given by the PDF     

                       𝑓(𝑥) =
1

𝜎√2𝜋
𝑒−

1

2
(

𝑥−𝜇

𝜎
)2

  where 𝑥 ∈ 𝑅 

The maximum value is obtained when 𝑥 = 𝜇  ie                    𝑓(𝜇) =
1

𝜎√2𝜋
 

Mode, mean, and median are the same 

Many of the frequencies are clustered around the mean 

The graph extends indefinitely in both directions with the x-axis as an asymptote 

Area under the curve is equal to 1                                            ∫ 𝑓(𝑥)𝑑𝑥 =
∞

−∞
1 

The probability:                                                        Pr(𝑎 < 𝑥 < 𝑏) =  ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎
 

 

 



Confidence Intervals Associated With a Normal Distribution: 

1. Approximately 68.3% of all observations will lie with one standard deviation on either side of the 

mean 

                                 ∫ 𝑓(𝑥)𝑑𝑥 = 0.683
1

−1
                  ie Pr(𝜇 − 𝜎 ≤ 𝑋 ≤ 𝜇 + 𝜎) = 68.3% 

 

2. Approximately 95.4% of all observations will lie with two standard deviations on either side of the 

mean 

                                   ∫ 𝑓(𝑥)𝑑𝑥 = 0.954
2

−2
                     ie Pr(𝜇 − 2𝜎 ≤ 𝑋 ≤ 𝜇 + 2𝜎) = 95.4% 

 

3. Approximately 99.7% of all observations will lie with three standard deviations on either side of the 

mean 

                                   ∫ 𝑓(𝑥)𝑑𝑥 = 0.997
3

−3
                      ie Pr(𝜇 − 3𝜎 ≤ 𝑋 ≤ 𝜇 + 3𝜎) = 99.7% 

 

This can be verified using CAS.     

𝐿𝑒𝑡 𝜇 = 0 𝑎𝑛𝑑 𝜎 = 1 

 Pr(𝜇 − 3𝜎 ≤ 𝑋 ≤ 𝜇 + 3𝜎) = 99.7%                                     ∫ 𝑓(𝑥)𝑑𝑥 = 0.997
3

−3
  

                   ∫ 𝑓(𝑥)𝑑𝑥 = 0.954
2

−2
 

  ∫ 𝑓(𝑥)𝑑𝑥 = 0.683
1

−1
 

 

Normal Distribution Curves will differ in location and degree of spread according to the values of the 

parameters 𝜇 and 𝜎 respectively. 

The mean 𝜇 and the standard deviation 𝜎 are used when dealing with a population and are thus called 

population parameters. 

If the values are unknown then the sample mean �̅� and sample deviation 𝑠 are used. 

To create a Standardised Normal Distribution we convert all scores to 𝑧 − 𝑠𝑐𝑜𝑟𝑒𝑠 

Where 𝑧 =  
𝑥−𝜇

𝜎
  where 𝑥 is the raw score 

 

Same standard deviation; different means 

 

 

 

 

     Same mean different standard deviations 

 

 



Discrete Random Variable - variables whose values can be counted.  

Probabilities are listed in a probability distribution table. Binomial, Poisson, Hypergeometric, Geometric 

 

Binomial Probability Distribution – the probability distribution that gives the probability of x successes in 

n trials when the probability of success is p for each trial of the experiment.  One repetition of a binomial 

experiment is called a Bernoulli trial (trials are independent) and each trial has only two possible outcomes 

i.e. success or failure 

 

The 4 Characteristics of a Binomial Experiment 

• There must be a fixed number of trials. This number of trials is denoted by n. 

• Each trial can have only two outcomes. These outcomes are called success and failure. 

• The outcomes of each trial must be independent of each other. 

• The probability of a success must remain the same for each trial. 

 

Also 

 

• The probability of x successes in n trials is given by: 

 P(x) = nCxp
xqn-x, where p = probability of success, q = probability of failure (q = 1 – p) 

• A typical example: Five percent of all DVD players manufactured by a large electronics company 

are defective. A quality control inspector randomly selects three DVD players from the production 

line. What is probability that exactly one of these three DVD players is defective? 

• The  mean and standard deviation of a binomial distribution are: 

𝜇 = 𝑛𝑝                     𝜎 = √𝑛𝑝𝑞 

 

 

 

Poisson Probability Distribution – the probability distribution that gives the probability of x occurrences in 

an interval when the average occurrences in that interval are λ. Poisson does not have a fixed number of trials 

(or, theoretically, an upper limit).  Instead it uses a fixed interval of time or space in which the number of 

successes is recorded. 

 

The probability of x occurrences in an interval is: 

𝑃(𝑥) =  
  λxe− λ

𝑥!
 

 

• A typical example: On average a household receives 9.5 marketing phone calls per week. Find the 

probability that a randomly selected household receives exactly six marketing calls during a given 

week. 

• The  mean and standard deviation of a poisson distribution are:  𝜇 =   λ        𝜎 = √λ 

 

 

Hypergeometric Probability Distribution 

 

The probability distribution that is applied to determine the probability of x successes in n trials when the 

trials are not independent (without replacement). 

 

Properties of a hypergeometric experiment are: 

 

1) A sample size of n is collected without replacement from a population of N. 

 

2) If k items in the population N is defined as success, then (N−k) items will be defined as failures. 

 



 

The probability of x successes in n  trials is given by: 

                                                    Pr (X = x) = 
(𝐷

𝑥)(𝑁−𝐷
𝑛−𝑥 )

(𝑁
𝑛)

 

 
N = total number of elements in the population 

D = number of successes in the population 

N – D = number of failures 

n = number of trials 

x = number of successes in the trial 

n – x = number of failures in the trial 

 

The mean of the hypergeometric distribution is:  µ = 
𝑛𝐷

𝑁
 

 

Geometric Distribution 

Like the Poisson and binomial distributions, a geometric probability distribution describes a discrete random 

variable. Recall that in the binomial experiments, we tossed a coin a fixed number of times and counted the 

number, X, of heads as successes. 

A geometric distribution describes a situation in which we toss the coin until the first head (success) appears. 

We assume, as in the binomial experiments, that the tosses are independent of each other. 

Characteristics of a Geometric Probability Distribution 

• The experiment consists of a sequence of independent trials. 

• Each trial results in one of two outcomes: success, S, or failure, F. 

• The geometric random variable X is defined as the number of trials until the first S is observed. 

• The probability p(x) is the same for each trial. 

 

Why would we wait until a success is observed?  One example is in the world of business.  A business owner 

may want to know the length of time a customer will wait for some type of service.  Another example would 

be an employer who is interviewing potential candidates for a vacant position and wants to know how many 

interviews he/she has to conduct until the perfect candidate for the job is found.  Finally, a police detective 

might want to know the probability of getting a lead in a crime case after 10 people are questioned. 

 

 

 


